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Approximation-Based Adaptive Tracking Control of
Pure-Feedback Nonlinear Systems with Multiple
Unknown Time-Varying Delays
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Abstract—This paper presents adaptive neural tracking
control for a class of non-affine pure-feedback systems with
multiple unknown state time-varying delays. To overcome the
design difficulty from non-affine structure of pure-feedback sys-
tem, mean value theorem is exploited to deduce affine appearance
of state variables x; as virtual controls «;, and of the actual
control u. The separation technique is introduced to decompose
unknown functions of all time-varying delayed states into a
series of continuous functions of each delayed state. The novel
Lyapunov-Krasovskii functionals are employed to compensate
for the unknown functions of current delayed state, which is
effectively free from any restriction on unknown time-delay
functions and overcomes the circular construction of controller
caused by the neural approximation of a function of u and u.
Novel continuous functions are introduced to overcome the design
difficulty deduced from the use of one adaptive parameter. To
achieve uniformly ultimate boundedness of all the signals in the
closed-loop system and tracking performance, control gains are
effectively modified as a dynamic form with a class of even
function, which makes stability analysis be carried out at the
present of multiple time-varying delays. Simulation studies are
provided to demonstrate the effectiveness of the proposed scheme.

Index Terms— Adaptive control, backstepping, neural network,
nonlinear time-delay systems, pure-feedback systems.

I. INTRODUCTION

N RECENT years, the systematic backstepping technique
has become a powerful method for controlling nonlinear
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systems with a triangular structure. Adaptive backstepping
design was first proposed in [1] to obtain global stability
for parametric strict-feedback systems with overparameteri-
zation, and the overparameterization was overcome by the
introduction of tuning functions in [2]. Adaptive backstepping
design was further developed for a class of uncertain strict-
feedback nonlinear systems with known or unknown constant
input gains (see [3]-[5]). By combining novel Lyapunov func-
tions with neural networks or fuzzy logic systems, adaptive
backstepping design was extensively used to control strict-
feedback nonlinear systems with known or unknown function
input gains (see [6]-[10]). Pure-feedback nonlinear systems
that have a more representative form than strict-feedback
systems have no affine appearance of state variables to be
used as virtual controls and the actual control. This makes
the control design of pure-feedback nonlinear systems difficult
and challenging. In [11], a class of parametric pure-feedback
systems with a triangular structure was studied by adaptive
control. In [12], stable adaptive neural network control was
proven rigorously for general nonlinear systems. Subsequently,
some results appeared on pure-feedback nonlinear systems,
e.g., [13]-[16]. Adaptive neural control was presented for
a class of uncertain pure-feedback nonlinear systems with
a control variable or virtual one in affine form [13], [15],
[16]. Using the input-to-state stability analysis and small-gain
theorem, adaptive neural control was proposed for a class of
non-affine pure-feedback nonlinear systems [14].

Stability analysis and robust control for nonlinear time-
delay systems have attracted considerable attention due to
the great challenge in academic research and demands in
industrial applications. Time delays are often encountered in
many dynamic systems such as rolling mill systems, biological
systems, metallurgical processing systems, network systems,
and so on [17], [18]. Lyapunov—Krasovskii functionals [19]
and Lyapunov-Razumikhin functions [20] are the two main
tools in controlling nonlinear time-delay systems. By com-
bining Lyapunov-Razumikhin functionals and backstepping,
adaptive stabilizing control schemes were presented in [21]
and [22] for a class of strict-feedback nonlinear time-delay
systems with known control input constraints. By Lyapunov—
Krasovskii functionals, the tracking control problem was
solved in [23] for a class of nonlinear systems in a Brunovsky
form. By Lyapunov—Krasovskii functionals and backstepping,
the authors in [24] and [25] solved the tracking problem
for a class of strict-feedback nonlinear time-delay systems
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with parameterized uncertainties. For a class of strict-feedback
nonlinear time-delay systems with unknown virtual control
coefficients and nonlinear time-delay terms, practical adaptive
neural tracking controllers were successfully constructed in
[26]-[28], which guarantees the boundedness of all the closed-
loop signals and achieves tracking performance. Further devel-
opment was shown in [29]-[32] for strict-feedback nonlinear
time-delay systems. In [33] and [34], adaptive neural stabiliz-
ing control was proposed with the help of a novel Lyapunov—
Krasovskii functional.

This paper presents a novel adaptive neural control to solve
the tracking problem of a class of non-affine pure-feedback
systems with multiple time-varying delays. The explicit con-
trols are obtained using the mean value theorem. The novel
Lyapunov—Krasovskii functionals are used to compensate for
unknown functions with current delayed states. Radial basis
function (RBF) neural networks are employed to approximate
unknown packaged functions. The proposed control scheme
guarantees the boundedness of all the signals in the closed-
loop system. The main contributions of this paper are as
follows:

1) the use of the separation technique [35] to decompose
unknown functions of all time-varying delayed states
into a series of positive continuous functions of each
delayed state. This is not only free of any restriction
on unknown time-delay functions, but also solves the
design difficulty from each subsystem with all delayed
states;

2) the use of quadratic-type Lyapunov functions to avoid
the circular construction of controller for the considered
pure-feedback system, when RBF neural networks are
used to approximate the unknown nonlinear functions;

3) the use of norms of unknown neural weight vectors as
the estimated parameters, which makes only an adap-
tation parameter to be tuned online. This significantly
reduces the number of neural network input variables
and alleviates the computational burden.

The rest of this paper is organized as follows.
Section II gives the problem formulation and preliminaries. In
Section III, adaptive neural control is proposed for a class
of pure-feedback nonlinear systems with multiple unknown
state time-varying delays using backstepping and appropriate
Lyapunov—Krasovskii functionals, then the stability of the
closed-loop system is proven rigorously. Simulation studies
are performed to demonstrate the effectiveness of the
proposed control scheme in Section IV. Finally, conclusions
are included in Section V.

II. PROBLEM FORMULATION AND PRELIMINARIES

Consider a class of pure-feedback nonlinear systems with
unknown time-delay functions as follows:

xi(t) = fi(xi (@), xix1(t)) + hi (Xn (1))

xn(t) = fn()zn(t)a u(t)) + hn(in,z(t)) (1)
y(t) = x1(2)
where 1 <i <n—1, x;(t) = [x1(2), x2(0), ..., x;(1)]T € R

with i = 1,2,...,n, u(t) € R, and y(t) are system state
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variables, system control input, and system output, respec-
tively; f;(.) are unknown but smooth and non-affine functions,
hi(.) with #;(0) = 0 are unknown smooth nonlinear time-
delay functions which are defined by h; (X (1)) = hi(x1(t —

71(0)), x2(t — 12(8)), ..., x,(t — 7,(2))) ; 7;(¢) are unknown
time-varying delays which satisfy 7;(#) < 7 ; and 7;(¢) <
Tmax < 1, i = 1,2,...,n, with 7 and 7max being known

constants. For ¢t € [—7,0], we have x,(t) = w(t), with w()
being a known continuous initial state vector function. In what
follows, the time variable ¢ is omitted in the delay-free terms
for brevity.

Remark 1: Non-affine structure in the considered pure-
feedback nonlinear system (1) covers many dynamic systems
such as rolling mill systems, biological systems, aircraft flight,
and mechanical systems [36], [37]. It can be seen that the pure-
feedback system (1) has no affine appearance of state variables
x; to be used as virtual controls a;, and of the actual control u
itself. The cascade and non-affine properties make it quite dif-
ficult to find the explicit virtual controls and the actual control
using the backstepping design. Moreover, it can be shown in
the system (1) that each state x;,i = 1,...,n is assigned an
independent time-varying delay z;(¢), and the considered time-
delay function ; (X, 7 (;)) contains not only the previous time-
varying delay states x{(t — 71(¢)), ..., x;(t — 7;(¢)), but also
all the later delay states x;41(t — 7i+1(?)), ..., x,(t — 7,(2)).
These time-delay functions h; (X, (1)) make controller design
challenging and maybe cause the circular construction of
controller caused by the neural approximation. Therefore, it
is difficult and challenging to control the system (1).

Using the mean value theorem [38], we obtain the following
explicit virtual control and actual control:

fiGi, xig1) = fi(%i, xi0) + &iw; (Xig1 — Xi0) (2)

SiGin, u) = fi (n, Xn0) + Enu, (u — x,0) (3)
where 8iu; = i ()Ei,x,u,-) = 0f; ()Ei,xi+1)/axi+l|xi+1:x#[ with
i=1,2,...,0, Xpq1 = u, Xy = wixip1 + (1 — ui)xjo, 0 <

ui < 1, and x;p are known at a given time value #9. Then,
substituting (2) and (3) into (1) yields

Xi = fi(Xi, Xi0) + gip; (it1 — Xio) + hi (%2 (1))
Xn = fi(Xn, xn0) + 8nu, (0 — xn0) + hn()zn,r(t)) 4
y =Xi.

The control objective of this paper is to design adaptive
neural tracking control such that the system output y follows a
desired reference signal y4, while all the signals in the closed-
loop system remain uniformly ultimately bounded. To this end,

define a vector function as ygz; = [yaq, yt(il), e, y‘(ii)]T, i =
1,2,...,n, where yc(ll) is the ith time derivative of y,.

Assumption 1: The desired trajectory vectors yg4; are con-
tinuous and known, yz; € Qg C R'T! with Qy; being known
compact sets, i = 1,2,...,n.

Assumption 2: The signs of nonlinear functions g;(.) are
known, and there exists an unknown positive constant b such
that 0 < b < |gi(\)] < oo, V(i;,xiy1) € R' x R. Without
loss of generality, we further assume that g;(.) > b > 0,
i=1,2,...,n.

In this paper, the following RBF neural network [39],
[40] will be used to approximate any continuous function
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0(Z): R1 — R

o (Z) = W' S(2) )

where Z € Qz C R? is the input vector with g being the
neural network input dimension, W = [w1, w2, ..., w]f e R!
is the weight vector, [ > 1 is the neural network node number,
and S(Z2) = [51(2),5(2),...,51(2)]" € R is the basis
function vector with s;(Z) chosen commonly as a Gaussian
function in the following form:

—(Z = (Zz = &
s,-(Z):exp|: ( 51)2( étl):|, i=1,...,1 (6)
r
where & = [&1, o, ..., éiq]T is the center of the receptive

field and r is the width of the Gaussian function. As indicated
in [40], the neural network (5) can approximate any continuous
function ¢(Z) over a compact set Qz € R? to any arbitrary
accuracy ¢ as

p(Z2) =

where W* is an ideal constant weight, and J(Z) is the
approximation error satisfying |6(Z)| < ¢. For the purpose
of analysis, define W* as an unknown ideal constant weight
vector which is an artificial quantity. Typically, W* is chosen
as the value of W that minimizes |0(Z)| for all Z € Qy

wW* .= arg min {SUpZEQZ|¢(Z) - WTS(Z)|} .
WeR!

wW'S(Z)+6(Z), VYZeQzeRi (1)

For Gaussian RBF neural networks, the following lemma
gives an upper bound on the norm of the basis function vector
S(Z), which is borrowed from [14].

Lemma 1 [14]: Consider the Gaussian RBF networks (5)
and (6). Let p = 1/2min;%; || & — ¢; ||, then an upper
bound of ||S(Z)|| is taken as || S(Z) < > g 3qk +2)7~ 1

e 20K

It has been proven in [41] and [14] that s is a limited value
since the series {3q(k + 2)4~ =2/ k= 0,1,..., 00}
is convergent by the ratio test theorem [38]. Moreover, it is
worth pointing out that the limited value s is independent of
neural network inputs Z and neural network node numbers /.

Lemma 2 [35]: For any continuous function A((1, ..., &) :
R™ x..-x R™ — R, satistying h(0, ...,0) = 0, where ; €
R™ (j =1,2,...,n,m; > 0), there exist known positive
smooth functions p;(¢;) : R™ — R, (j = 1,2,...,n)
satisfying p;(0) = O such that [h ({1, ..., )] < Zl 1 p, (C])

Lemma 3 [29]: For 1 < j < n, define the set Q.. given
by Q = {zj |l z; |< 0.2554v;}. Then, for z; gZQCA, the

1nequahty [1-— l6tanh2(zj /vi)] < 0 holds.

Lemma 4: Consider the dynamic system of the form y (1) =
—ay(t) + cq(t), where a and c are positive constants and
q(¢) is a positive function. Then, for any given bounded initial
condition y (tp) > 0, we have y(¢r) > 0 for Vt > 1g.

Proof: For any given bounded initial condition y (tp), we
obtain the solution to the equation y(t) = —ay (t) +cq(t) as

(1) = e~ (1) + /

fo

e =g (r)dr. (8)

Since ¢ and ¢(¢) are positive, the integral term of (8) is
also positive for V¢ > fg9. Therefore, (8) implies that under
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any given bounded initial condition y (f9) > 0, y(¢) > 0 for
Vt > t9. This completes the proof of Lemma 4.

In this paper, to construct differentiable control laws, the
following continuous even functions y(x), R — R, are
introduced [29]:

) x2 cosh(x)
X)=m ——————
v 1+ x?

which is continuous and monotonic, that is, for any given
positive constant d, if |x| > d, then y(x) > w(d).

, Vx € R )

III. ADAPTIVE NEURAL TRACKING CONTROL

In this section, backstepping is used to develop an adaptive
neural tracking control for pure-feedback nonlinear systems
(1) with multiple time-varying delays. The backstepping de-
sign is based on the following coordinate transformation:
71 = X1 — Yd, Z2i = Xi — 0ij—1, 1 = 2,...,n, with a; being
virtual control laws. The actual control law u will be designed
in the last step.

For the sake of clarity and convenience, denote ||z| as the
Euclidean norm of vector z, i.e., ||z||2 = z z, define compact
sets Q%i according to [26] and [27] as Q%{ = Qg — chl,
with open set . in Lemma 3 and compact set Qz,,
1,2,...,n. We enfploy RBF neural networks to approximately
package unknown functions fi(Zi) shown later as

i =

fi(Zi) = Wi si(Z;) + 61(Zy) (10)

where 0;(Z;) is the approximation error and satisfies
16;(Z)| < &;, Si(Z;) is the basis function vector of the RBF
neural network, Zi = [x1,ya, 74l € Q) C R, Z; =
[X1, X2, ..., Xi, 0, ci1, wi_1]T € Q%,_ C R™t3,2<i <n, are
input vectors with ¢;_1 and w;_1 being defined later, Wl.* are
unknown ideal constant weight vectors, construct the quadratic
function V;, and the Lyapunov-Krasovskii functional candi-
date Vp, in advance as

Z.
VvV, ==+, 11
W= (1D
n t 2
pj; (xi(0))
Vp. = m—1+1) ——do (12)
; t—1; (1) 2(1 — Tmax)

and construct the adaptive neural tracking controller for pure-
feedback nonlinear time-delay system (1) as follows:
S/ (Z0)Si(Zi)zi + xio,

a;j = —kizi — — (13)

i
Lzs (2)S;(Z1)32 — 60 (14)
i=1 n;
where 1 <i <n, 5;, y and ¢ are positive design parameters,
ki = kio + ki1 with kjp being positive design parameter,
and ki1 = ki» + € cosh(z;))/1 + 22> (n — 1 + g, ¢i =
f;ﬁ plzl. (xi(0))/2(1 — tmax)do, kiz is a positive design para-
meter, 0 is the estimate of the unknown constant 6 which is
specified as 0 = max{b~" |[Wr||*, i = 1,2,...,n} with b
defined in Assumption 2. It should be pointed out that, when
i = n, a, is the actual control law u. In what follows, our
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control scheme is designed on the basis of compact sets Q%
for simplicity. l

Remark 2: Note that (14) satisfies the conditions of
Lemma 4. For any given initial condition é(to) > 0, we thus
have 9(t) > 0 for t > ty. This property is very important and
useful in our design. In fact, it is always reasonable to choose
é(to) > 0, since 9(t) is the estimate of an unknown constant
6 and its initial condition is an artificial value. Consequently,
for clarity, we choose the initial condition é(to) = 0 of the
adaptation law 9(t) in this paper.

Step 1: Noting z; = x1—y4 and considering the transformed
system (4), the error dynamic is

21 = fi(X1, x10) + &1, (x2 — x10) + "1 (Xn 2 (1)) — Ya. (15)

Choosing the quadratic function V;, in (11), its time deriv-
ative follows from (15):

Vo = 21 f1(E1, X10) + 2181, (X2 — X10)

+ 21h1(Xn, (1)) — 21d- (16)

Noting Lemma 2 and the definition of /1 (X, (;)), we have

2 n 2
_ z pi(xi(t — (1))
2 Ene ) < =+ + ; a7
Substituting (17) into (16) yields
Vo < 21 fi(F1, x10) + 2181, (62 — X10) — 214
2 a2
nzj P”(Xl(f —7/(1)))
— _ 18
+ > 5 (18)

=1

Now, take the Lyapunov—Krasovskii functional candidate
Vp, in (12) to compensate for the time-delay term in (18).
The time derivative of Vp, satisfies

n 2
. pip(x1)
Vn= 2 =D
n 2 _
_Z(n_l+1)P11(X1(t2 Tl(l‘)))‘ (19)
=1

Define V|
that

= V;, + Vp,. It can be verified by (18) and (19)

— 1+ 1)pR (x1)
221(1 - Tmax)

n
. _ nzj (l’l
Vi = a(fitk, xi0) + —= + >

=1

n 2 -
= Ya + 81 (2 = x10)) + D /’11(95102 7(1)))
1=1
n _ 2 B
-y (n—1+ 1)p,12(x1(t Tl(l))). o0

Note that it is not feasible to use RBF neural network to
approximate > ;_,(n — [ + 1)p121 (x1)/2z1(1 = 7max)) in (20)
since it is discontinuous at z; = 0. Therefore, hyperbolic tan-
gent function tanh(z; /v;) has to be introduced to overcome the

1807

design difficulty from the term "), (n—I4+1)p? (x1)/(2z1 (1—
Tmax)) [29]. In this way, (20) becomes

Vi < 21 fi(Z1) + 81,21 (x2 — X10)
PGt — (1))
+(1—16tanh2( ))U +Z”f

S (=14 D (it = 11(0))
- .

(2D
=1

where

. nz1 16 tanh? (f)—i)
f1(Z1) = filxr, x10) + L —
21
2
S A RV 1C0)
2(1 - Tmax)

I=1

Ul - }.]da

Note that hm 16 tanh?(z /v1)U; /z1 exists, and it is fea-

21 *)
sible to use RBF neural network (10) to approximate the

nonlinear function f1 (Z1) on the compact set QO 7 Then, (21)
becomes

Vi < 21(WiT S1(Z1) + 01(Z1)) + g1y,21(x2 — x10)

+(1—16tanh2( ))U +ZM

3 el Dt S )

2
=1
By

b n>

Z1W1*TSI(Zl) < —ST(Zl)Sl(Zl)Zl =1

2;7 2’

2, _E

01(Z1) < bk 22
2101(Z1) = bkiozj +4bk10 (22)

and noting zp = x2 — a, it can be easily verified that
y bo T 2 bk 2
Vi< —2;7251 (Z1)S1(Z1)z1 + bkioz;
1

+ 81412101 — 814,21X10 + 81,2122 + di

+(1—16tanh2( ))U +ZM

L (n— 14 D)pf(xi (¢ — 11(1)))
_Z 3

(23)

where k19 and #; are positive design parameters, and d; =
n3/2 + &3 /(4bkio).
From the virtual control (13) and Remark 2, we have

(24)

bo
g1 21(a1 — x10) < —bkiz3 — 2—;7251T (Z1)S1(Z1)23.
1
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Denote 6 = 6 — 6. Substituting (24) into (23) yields

0
+ 753(21)51 (Z1)z] + g1 2122
1

+(l—l6tanh2( ))U +ZM

_Z":(n—wl)pﬁz(xl(r—n(r»)+d

Vi < —bknz}

(25)
=1

Remark 3: 1t can be seen from (16) that design difficulties
mainly come from two nonlinear uncertainties: the coupling
term gi,, and the unknown time-delay term /(X ;(;)). The
two terms cannot appear in the designed controller due to
the uncertainty, and not be also directly approximated by
the use of neural networks which may result in the circular
construction of controller. To overcome these difficulties, the
following efforts have been made: g1, is effectively dealt
with in (24) by Lemma 4, and only its lower bound is used
for analysis purpose in this paper. From (17), hy (X, ;(;)) is
decomposed into a series of continuous functions p121 (g (r —
71(1))), 1 =1,2,...,n of each delayed state x;(t — 7;(¢)), the
time-varying delay function plz1 (x1(t — 71(¢))) with current
delayed state is compensated for by a Lyapunov—Krasovskii
functional Vp, in (12), the other time-varying delay functions
P121 (x;(t — 7(1))), 1 =2,...,n, will be compensated for step
by step, thus the time-delay term in (25) can be completely
canceled in the last step of backstepping. The method is
effectively free from any assumption on unknown time-delay
functions h; (X, ;(;)) and overcomes the circular construction
of controller.

Step 2: For 7o = x2 — a1, we have

22 = f2(¥%2,x20) + g2, (x3 — x20) + h2 (X2 (1)) — &1

where

o] = (26)

O0x

with Dy = (.ﬁal/ﬁxo(ﬁ (X1,x10)+g1m(X2—x1o))+ o1, 01 =

(0a1/0541)Ya1+@a1/9c1) p} (x1) — p2 (x1(t — 7)) /2(1 — Tmay).

Choosing the quadratic function V, in (11) and using the
following inequalities:

Z2h2(in,1(t)) =

2 no2
nz; pz[(xl(t —7(1)))
2" 2. 2

+ i pya(t — 7 (1))

oay _ nz oay
Zza—xlhl(xn,z(t))< 2( ) 2

2 ox1 =

we have

nz
V, <2 (fz(m, X20) + 82p, (X3 — x20) + —~

2
nzy (oay 2 oo A
+—\—) —D1)—20—0
2 \0xj 00

nooa e o
+Zp21(x1(t2 (1)) +Zpll(xl(f2

(1))

.27
=1 =1
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Now, use the Lyapunov—Krasovskii functional candidate
Vp, in (12) and define V, = Vi 4 Vp, + V,,, and the time
derivative of V, along (25) and (27) is

0
75{(21)51 (Z)z23 + d
1

+ (1 — 16 tanh? (v1)) Ut + 22824, (x3 — x20)

nzy  nzy (901)’
2 2 \0x
14 Dph ()

222(1 — Tmax)

Vo < —bkiiz} +

+ 22(f2(¥2, x20) + g1121 +

oo A
)—22 19
00

n (n
— Dy +Z
=1

2 n . pz.l(xl(t —7(1)))
+ZZ[(2_””%
j=11=1
pl(xj(t =7 (f)))]

—(n—1+1) 7

(28)

From (28), it is not practical to use RBF neural networks to
approximate the term » ;_ (n —1+1) pl22 (x2)/(2z2(1 = Tmax))
which does not exist as zo = 0. Similar to Step 1, it can employ
the hyperbolic tangent function tanh(zz/v2) to compensate the
term. Furthermore, a continuous function v1(Z>) is introduced
to overcome the design difficulty from the term (da /69)@.
Therefore, we have

Va < —bknz + %S{ (ZD)S1(Z)2 +dy
1
+ jzl (1 — 16 tanh? (vj)) U; +Zzg2ﬂ2()m X20)
+ 25 (Zs) + (v (Z) — 244 )
22 J2\4L2 22 1 2 69
2 n
pj](xl(t —7(1)))
+;Z [(2 —J DT
2 At — .
—r -1+ (x’(tz T’(I)))} (29)

where

2
A _ nzo nzp [0aj
Z = N -
f2(Z2) = foa(x2,x20) + g1y, 21 + >t (axl)
16 tanh? (f)—z)
2

22

— D1 —01(Zy) + U, (30)

with Uy = 31| (n — 1 + 1)p3 (x2)/2(1 — Tma).
_Next, using RBF neural networks (10) to approximate
f2(Z>) on the compact set Q%z and, employing the similar
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method as (22), we obtain

) bo
Va < —bk11z3 + 7S{(zl)sl (Z)z3 +
1

2
2.4
j=1

2
+> (1 — 16 tanh? (i—j)) Uj + 2282573

j=1

0
752T (Z2)52(22)73
b

oo A )
a0

+ 22824002 — 22824, %20 +

+ bkaozs + 22 (01 (2,) —

2 n
p-l(xl(t —7(1)))
t2 [(2‘ DF
j=11=1
14 1)/le,-(xj(tz— Tj(t)))]

where dj = 17 /2 + &5/ (4bk o).
Considering the virtual control (13) and adaptation law (14),
and similar to (24), we have

2 ~
. bl
Vo < > (=bkjiz; + >3 5ST(Z)Si(Z)T5 +d))

j=1 J
2 oa
+Z(l—16tanh2( )) Uj+z2 (01(22) . )
= V; o

pjl(xl(t - 7(1)))

2 n
2 —
5o RIS
j=11l=1

pi(xjt — Tj(t)))j|

2

—(I’l -1+ 1) + 824,%2723 3D

where the term z,(v1(Z2) — (61 /09)0) will be considered
later.

Remark 4: It can be known clearly from (14) that the
adaptation law 6 contains not only the current variables zj
and zo, but also the latter variables, namely, z;, i =3,...,n.
Therefore, unlike the previous backstepping-based adaptive
neural control schemes, the term (6(11/69)@ in (26) cannot
be used directly to construct the packaged uncertain functions
fz(Zz) in (30). As a result, the function v{(Z3) is intro-
duced to compensate for (6051/89)9. Similarly, the function

v;j_1(Z;) will be introduced to compensate for (Gaj,l/ﬁé)é,

j = 3,...,n. The details will be shown later. The functions
vi—1(Zj), j = 2,...,n, will be defined in the proof of
Theorem 1.

Step £k 3 < k < n — 1): Similar to the design method
in Step 2, choose Lyapunov function candidate V; = Vi_1 +
Vz, + Vp, with V,, in (11) and Vp, in (12), for the following
dynamic:

2k = fe(k, Xk0) + G k1 — Xk0) + A (X, (1)) — Gr—1
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where

(32)

with D1 = S (Gar—1/0x0)(fi (R, xi0) + iy (Xit1 —
xi0)) + wk—1, and wg—1 = (0ak—1/0Yak-1)Yd k-1 +
(8ak_1/8gk_1)(p12’k71 (Xk—l)—/)l,k_ﬂ(xk,l(,_1))/2(1 — Tmax))-

By introducing the hyperbolic tangent function tanh(zx/v)
and a continuous function vx_1(Z;), we have

£ b0
2
Vi < Z(_bklej + 2—}72
j=1 J
k

+>° (1 — 16 tanh? (i—f

j—l g

+sz (vj 1(Z)) — 60;191 )

j=2

+zz|:(k_1+1)p][(xl(t Tl(t)))
j=11=1
Tj(t))):|

ST(Z)Si(Zp); + dj)

)) Uj + 2k 8y Th+1

piy(x(t =
2

—(n—1+1) (33)

where dj = 17/2 + &3 /(4bkjo) and U; =

plj (x])/2(1 - Tmax))
Step n: In this step, the actual control u will be constructed.
For z,, = x, — a;,_1, we have

Si((n—1+1)

In = fu (Xn, Xn0) + 8nuy (u — Xn0) + hn()zn,r(t)) — Op—1

where a,_1 is given in (32) with k = n.
Choosing V,, in (11) and using the triangular inequality, we
can obtain

) nz
Vio < 2n (fn (X5 Xn0) + gnpu, (4 — 2n
oa. —1 2
z (%) <o)
o 6)Cj
aa,, 1 (1))

Zzpﬂ(xl(f

j=11l=1

Taking Lyapunov function candidate V, = V,,_1+V,, +Vp,
with V,,—; in (33) and noting the derivative of Vp, as

Pln( Xn)
Z(n - 1)2(1 - Tmax)

(1 -1, (t))Plzn (xn(t —
2Zn(l —

Ve, =

(1))

—ZnZ(n—l—l—l)

= Tmax)
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we have

n—1 bé
' 2
Vo < jz_l(_bkjlzj t3,7

J

ST(Z)Sj(Z))z; + dj)

n—1

O00,—1 A
+Z(1—16tanh2( ))Uj—zn Inlp
= Vj 00
n—1

oa
+sz (vj 1(Z)) - 191

j=2

n—1 2
nzy (00n—1 _
+ E _Zn ( a;j ) +Zn71gn71ﬂ,,_. + fn(xna an))

j=1
Dn—l) .

(34)

) + zn (gn,un (Lt - an)

pln (xn) nZp

+Z(n l+1)2Z (1 — Tmax) * T -

Remark 5: 1t is clearly shown from (34) that the pro-
posed design above has effectively eliminated the functions
hi(X,:(r)) of delayed states, which contain multiple time-
varying delays. For the sake of clarity, how to compensate
for all the time-varying delay functions h;(Xp.)), i =
1,2,...,n is summarized as follows. Firstly, in Step i,
hi(Xp,z(r)) is decomposed into a series of continuous functions
pizl(xl(t —7@®)), | =1,2,...,n, in terms of each delayed
state based on Lemma 2. Due to the existence of unknown
time-varying delays 7;(¢), the functions pizl (1t —7(0))), I =
1,2, ..., n cannot be directly approximated by the use of RBF
neural networks. Secondly, in Step i, the Lyapunov—Krasovskii
functional candidate Vp; in (12) is carefully designed to
compensate not only for pizi (x;(t — 7;(¢))), which is obtained
from the current time-delay function £; (X, (), but also for
all the time-delay terms with current delayed state x; (r —17; (¢)),
ie., pﬂ(xl(t (1), j=1,2,...,i—1,i+1,...,n. As
a result, all the time-varying delay functlons P; l(xl (t —11(2)))
are eliminated under the sum of V;, and Vp;. Last but not
least, the remaining delay-free functions pizl (x7), which are
caused by the use of Lyapunov—Krasovskii functionals to
compensate for pizl (x1(t — 7;(¢))), are approximated by RBF
neural networks.

Next, we will make more efforts to overcome the design
difficulties derived from >/ (n—I+1) P2 (xn) /225 (1 — Timax)

and (8ay_1/00)0. Similarly, employ the hyperbolic tangent
function tanh(z, /v,) and a continuous function v,—_;(Z,) to
respectively compensate for Sin—1+ 1)[p12n (xn)/2z,(1 —

Tmax)] and (80(”,1/8@)@, and we have

- bo
7 2
Vi < E (—bklej + 0

J

+ Z (1 — 16 tanh? (vj )) Uj + zngnpu, @ — Xn0)

j=1

+]Z;Zj(

ST(Z)Sj(Z)a5 + d,»)

)+@n@o (35)
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where

n—1 2
2 nz 001
fu(Zn) = fn(xnaxn0)+— +217n ( a;] ) — Dy
j:

16 tanh? (%)

n

+ In—18n—1py—1 + U, — z)n—l(Zn)

in

with U, =2, (n—1+ 1)p1n(x,,)/2(1 — Tmax)-
Applying the RBF neural network in (10) to approximate
f,, (Zy) on the compact set QO ~» We can obtain

b
Vy <Z( bkﬂz +
+ z (1 — 16tanh2 (\)] )) Uj + Zn8nup (u — )Cn())

s].T(zj)S,-(Z,-)zﬁ + dj) +dy

j=1
o00j— 1
+ZZJ Vj— 1(Z ) —
20
j=2
2}72 n(Z )Sn(Zn)Z +bknOZ (36)

where d, = n;; 2/ 2+3% /(4bk,0). Constructing the actual control
u in (13) and considering Remark 3, we obtain

bo
gn,unZn(u — Xn0) < _bknzi - 2_QST(Zn)Sn (Zn)zi

with k;, = k,0 + ky1. It follows from (36) and (37) that

(37

¢ b0
Vi = Z(_bkﬂZ? + 2—2

+ Z (1 — 16 tanh? ( )) U;
j=1 vi

+Zz, (v, 1(Z; )
j=2

Thus, we complete the controller design. Choosing the
Lyapunov function candidate as

ST(z2)8;(z)23 +d,)

V=V,+ 2
we are in the position to state our main result.
Theorem 1: Consider the closed-loop system consisting of
the pure-feedback nonlinear time-delay system (1) under
Assumptions 1 and 2, control laws (13), and the adaptation law
(14). The following properties are guaranteed under bounded
initial conditions with 8(1g) > 0:
1) all the signals in the closed-loop system remain uni-
formly ultimately bounded;
2) the vector Z = [z],ZT,...,ZI'1" remains in a
compact set Q% = 21 UQZz, cel UQOn, which is
specified as

(38)

= I(Z,é, allzil < u, 6% < % yaj € Qaj,

j:Ll””n—LWzm] (39)
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where the size of the positive constant 4 depends on the
initial conditions and design parameters k;, o, and y;
3) the closed-loop signal z = [z1,22,...,2,] € R" will
eventually converge to a compact set defined by
Q= {2 Izl = 2}
where ||z||2 = Z;?:] z?, o is a constant related to the
design parameters. Therefore, g can be made as small
as desired using a trial-and-error method to obtain the
appropriate design parameters.
Proof: 1t follows from Lemma 3 and the definition of U;
in 33) forz; € QY. j=1,....n, that

> (1 - 16tanh2( )) U; <0.
Vi
J

j=1
Then, (36) can be rewritten as

(40)

Ll , b
an; _bkjlzj—i_ﬁ

SJT(ZJ')S]' (Zj)Z? + dj)

oai_1
+ZZ/(DJ 1(Z)) - L )
00
j=2
Considering the Lyapunov function candidate V in (38), its
time derivative is

60!] 1A

V<Z —bkj12; +d])+zz_](l)] 1(Z)) - o

j=1

P (1)
J

ST (2))Sj(Zj)z5 — b

In view of the adaptation law  in (14), (41) is further
written as

bahd

V< Z (—bk,-lz§ +d,) +
j=1

oaj—q
+sz (vj 1(Z)) - =L ) 42)
o0
j=2
From (42), the key problem of the proof is how to appro-
priately choose the smooth function v;_1(Z;) to eliminate
the last term in (42). Next, we will determine v;_i(Z;)
such that 327 _, z;(vj—1(Z;) — (8aj-1 /80)9) < 0. By the
definition of the adaptation law 6 in (14) and noting Lemma 1,

we have
n

ooj_1 A

—ZZJ' jA1<9

= a0

__anz_aajfl Z”:VSiT(Zi)Si(Zi)Ziz_aé
700 212

j=2 i=1 i

<zz

oaj—1
0

)/522
BRI s

z
j=2i=j ’7,

Zj
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aa, 1 & 7 8T (Z0)S:(Z0)2}
Z Z 2

j=2 i=1 i

Z aa,1 §_ 0 lzyST(Z)Sl(Z)z
a0 27]

= i=1 i

oai—1
i— =

a0

SZ]

Z

=2 ]

Then, choosing v;1(Z;) as

T
0j1(z)) = 24! z y ST (Z0)Si(2)3]

66 =1 27712
oai_1 = J s2z; oa;_
_ JAIJH—ZY 2] Zi lAl
00 Py 277j 00

we have

(43)

Substituting (43) into (42) and noting 0 =60 — 0, we obtain

V< Zn:(—bkjlzi +dj) +

j=1

bo O

n n2
bo0
> bkj1z;  l+c (44)
‘ J 2y
j=l1
where C = Y'i_ dj + ba6?/(2y) with d; = 77/2 +

g§ /(4bk o).
It follows from the definition of control gains k; in (13) that

n
Ve-Smad 03

bej cosh(z; )Z

= 1+zj
n
pi (x ( )
Sn—1+1) PV s e (45)
=1 t—1 2(1 — Tmax)
Since [t — 7j(),1] - [t — 7,t] based on

tj(t) < 7, we have ft’ﬂj(t)(pfj(xj(a))/Z(l — Tmax))do <
j;ir(plzj(xj(a))/Z(l — Tmax))do. Moveover, b and €; are
positive definite, it can be obtained in terms of (9) that
w(z;) = cosh(zj)zi/(l + z?) > 0. Then, (45) becomes

n n n
V <= bkjzt — Zbe,-v/(zj)Z(n —1+1)
j=1 j =1

/f PP (xj(o)) o _ bo0?
t—7;(t) 2(1 — Tmax) 2y

+C. (46)

Based on the construction of the quadratic function V;; in
(11) and the Lyapunov—Krasovskii functional candidate Vp, in
(12), and the property of even function y(z;) in (9), we can
obtain from (38)

V<—aV+C (47)
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which implies that

V < (V(tg) — 0)e ™™ ¢
<V(to)+o, Vt=t (48)

where a = min{2bk >, be;y(0.2554v;),0}, ¢ = C/a. From
(48), it is known that V, z;, and 0,i = 1,2,...,n, are
bounded. = 6 — @ is bounded because of the boundedness
of @ and 6. For z; = x| — vq and y; being bounded, x| is
bounded. Since a; is a function of bounded signals x1, y4, Y4,
and 9 o is also bounded. From xp = z5 + a1, x3 is bounded.
Similarly, a;—1 and x;, i = 3, ..., n, are bounded. Therefore,
all the signals of the closed-loop system are bounded.

Considering the definition of V in (38) and applying (48),
the following inequalities hold:

n bG>
25 sVsVte -=V=V@)te (49
€ Y
j=1
Let u = /2(V (%) + 0), we have
2
il<p, 62<’E (50)

b

Therefore, we have the compact set Q% in Theorem 1 over
which the RBF neural universal approximétion is applied with
its feasibility.

In addition, according to (11) and (38), we have that
Z?:1 z?/Z < V. Using the first inequality in (48), the
following inequality holds:

Jlim 2] < v/2e.

Note that ko, kj2, €;, #j, vj, 6j, and y;, i =1,2,...,n,
are design parameters, b, ¢; and 6 are constants. Therefore, by
appropriately online-tuning the design parameters, the compact
set Qg can be made as small as desired. Subsequently, the
tracking error z1 = y — yg can be shown to converge to a
small neighborhood of the origin. This completes the proof.

Remark 6: It should be pointed out that the proposed
control algorithm for pure-feedback nonlinear systems with
unknown state time-varying delays is very different from the
previous work on the pure-feedback delay-free system. The
main differences are as follows:

1) from the system (1), every time-delay function
hi(Xp,z(r)) contains not only time-varying delay states
x1(t — 71(t)), ..., x;(t — 7;(¢)) of the previous chan-
nels, but also all the later delay states x;41(r —
7i+1(@)), ..., xy,(t — 7,(¢)). The time-delay functions
hi(Xpnz@n), i = 1,2,...,n, maybe cause the circular
construction of controller and the singularity problem.
Therefore, to reduce the design difficulty caused by
the time-varying delay functions h; (X, (), the sep-
aration technique in Lemma 2 is used to decompose
hi(Xp,z(r)) into a series of continuous functions pl.zl (x(t—
(1)), | = 1,2,...,n, of each delayed state x;(tr —
7;(t)). This method avoids the circular construction of
controller and the use of any assumption on unknown
time-delay functions h; (X,,;(1));

2) to compensate for the time-delay functions plzl(xl(t —
71(t))) obtained by decomposing /1 (X, (1)), We recur-
sively construct the novel Lyapunov—Krasovskii func-
tionals Vp; in (12), which can completely compensate
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for all the time-delay functions until the last step of
backstepping in (34). However, the use of Lyapunov—
Krasovskii functionals Vp; in (12) will induce the re-
maining term » ;. ((n — 1 + 1)p12j (xj)/2z;(1 = Tmax))
in (20), (28) and (34). The term makes it be infeasible
to be approximated by an RBF neural network, since it is
discontinuous at z; = 0. Therefore, hyperbolic tangent
function tanh(z;/v;) has to be introduced in (21), (29),
and (35) to overcome the singularity problem;

3) although the circular construction of controller and
the singularity problem caused by time-delay functions
hi(Xn,z(r)) have been solved, it is very difficult from
(44) to deduce the stability result V = —aV + C with
a and C being constants. The main reason comes from
the use of Lyapunov—Krasovskii functionals Vp; in the
global Lyapunov function V. Therefore, we must put
our efforts to make the proof be carried over. Based
on the form of Vp; in (12), the control gains kj
are modified as a dynamic form with a even function,
ie., ki = kio + (i cosh(z;))/1+2z) > (n — 1 +
1) ff_r (7 (xi(6))/2(1 — Tmax))do. The modified con-
trol gains k;; make the stability analysis to be carried
out. [See the inequalities (45) and (46) for details.]

IV. SIMULATION STUDIES

Example 1: To illustrate the validity of the proposed adap-
tive neural control, a class of pure-feedback nonlinear systems
with multiple time-varying delay states is simulated, which is
described by the following differential equation:

1—e—*1 3 C1—y2 —
o=y x5+ xoe T (R, )

X2 =x7 +0.1(1 + x3)u + f(u) + ha(F2, 7))
y=xi

where f(u) = 0.15u + sin(0.1u), h1(¥2,;()) = 0.5x3(t —
t1(0)x2(t — 72(1)), ha(x2,0 (1)) = x1(t — 71 (1)) x2(1 — 72(1)).

Choose the reference signal as y; = sin(0.57) +
0.5sin(1.5¢). The control objective is to design an adaptive
neural tracking control for System (51) such that all the signals
in the closed-loop system remain bounded and the system
output y follows the given reference signal y,.

Based on Theorem 1, the adaptive neural control law is
chosen as

X1 =
(51

A

0
u=—kyzp — 2—;7255 (22)$2(Z2)z2 + x20 (52)
2

where Zy = [x1,x2,0, c1, 011" with ¢1 = [ (pf (x1(0))/
2(1 = tmax))do, o1 = (0a1/0ya1)ya1 + (0a1/0c1)
(plz1 (x1) — plz1 (x1(t — 1))/ 2(1 —tmax)), and choose the
virtual control law and adaptation law as
0 o
a1 = —kiz1 — 2—}7251 (Z1)S1(Z1)z1 + x10,

1
2

A Y A
6=>" 2—}7_25? (Z)Si(Zi)z} — af.
i=1 <

In the simulation, choose initial conditions [x(¢), x (t)]T =
[0.2,0.5]7, time-varying delays 7;(r) = 0.2(1 + sin(t)),
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Fig. 1. System output y (-) and reference signal yg (-.-) of Example 1.
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Fig. 2. State variable x, of Example 1.

72(1) = 1 — 0.5cos(t), and H(0) = 0. Some other parameters
are chosen as follows: k1 =5, kp =5,€1 =1, =0.5, 71 =
m =025 v =50 =0.1, x10 = 0.2, and xp9 = 0.5. More-
over, in the simulation we choose the RBF neural networks
in the following way. Neural network WlT S1(Z1) contains 75
nodes with centers spaced evenly in the interval [—1.5, 1.5] x
[—1.5,1.5] x [—1.5,1.5] and widths equal to 2. Neural net-
work WZT S>(Z,) contains 1125 nodes with centers spaced
evenly in the interval [—1.5,1.5] x [—1.5,1.5] x [0,2] X
[—3, 3] x [—2, 2] and widths equal to 2.

Simulation results are shown in Figs. 1-4, respectively.
Fig. 1 shows the system output y and the reference signal yg .
From Fig. 1, it can be seen that the tracking performance has
been achieved. Fig. 2 shows the response of state variable x7,
Fig. 3 displays the control input signal «, and Fig. 4 shows the
response curve of adaptive parameter 6. Obviously, simulation
results show that the controller works well.

Example 2: To show the applicability of our result, consider
the following Brusselator model in dimensionless form, which
comes from [42]:

%1 =C — (D + Dxi +x}x2 + di(t, x)
Xy = Dx| — xlzxz + (2 4+ cos(x1))u + da (¢, x)
y=x1

(33)

where x; and x, denote the concentrations of the reaction
intermediates, C, D > 0 are parameters which describe the
supply of “reservoir” chemicals. di (¢, x) and d;(t, x) are the
external disturbance terms. The model was introduced in detail
in [43] and [44]. In this paper, the external disturbance terms
di(t,x) and d»(t, x) are ignored. To study the effect caused
by time-varying delays, we add time-delay terms h; (X2 7 (1))
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Fig. 3. Control u of Example 1.
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Fig. 4. Adaptive parameter  of Example 1.
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Fig. 5. System output y (-) and reference signal y; (-.-) of Example 2.

in (53) and obtain the following time-delay Brusselator model:

¥1=C — (D + Dxi +x3x2 + h1(%2,0(r)
%2 = Dxy — xx2 4+ (2 + cos(x1))u + ho (%27 (1))
y=x1

where hy(X2,7()) and ha(Xp7()) are unknown delay-state
terms, which are chosen as the functions 2cos(x;(t —
t1(1)))x2(t — 72(1)), 0.2 sin(x2(r — 72(2)))x1( — 71(2)), respec-
tively. Obviously, the Brusselator model is in the cascade form
(1) under the assumption that x; % 0 [42]. In the simulation,
we choose the reference signal y; = 3+ sin(¢) + 0.5 sin(1.5¢),
C=1,D =3, 71(t) = —0.5cos(t), 72 = 1 + 0.5sin(¢), the
upper bound of these time-varying delays and their derivatives
is 7 = 1.5 and thmax = 0.5, respectively, RBF neural network
WIT S1(Z1) are chosen by containing 81 nodes with centers
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Fig. 6. State variable xp of Example 2.
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Fig. 7. Control u of Example 2.

spaced evenly in the interval [1,4] x [1,4] x [—1.5, 1.5] and
widths being equal to 2, neural network W2T S2(Z7) is con-
structed by containing 1125 nodes with centers spaced evenly
in the interval [1,4] x [1,4] x [0,6] x [—3,3] x [-2,2]
and widths equal to 2.

In the simulation, we choose design parameters of the
controller (52) as follows: k19 = ki1 = 3, koo = kp1 = 4,
€1 =6 =05, 17 =025 nn =035y =6, 0 = 0.05,
and x;9 = xp0 = 0. The simulation is run under the initial
conditions [x1(7), x2(H)]7 = [2.5,1]7 for —z < t < 0,
and #(0) = 0. Simulation results are shown in Figs. 5-8,
respectively. Fig. 5 shows that the system output y can follow
the given reference signal y;. Figs. 6-8 show the responses
of other variables x;, u, 0. Obviously, simulation results
show that the controller works well and achieves the desired
convergence performance.

Example 3: To further show the control capability of the
proposed control scheme, we consider the following third-
order nonlinear time-delay system:

X1 = xp sin(xp) + (0.5 +x12)xz 4+ x1(t — 71(2))
X2 = x0e” O 4 (1 + x3)x3 + ha(F3,(r)

x3 = x1x2x3 + f(x1, x2, u) + h3(X37(1))

y =X

where 72 (¥3,:()) = x1(t — 11 (®)x2(t — 2())x3(t — 73(2)),
h3(X3,7(n)) = x2(t — 12(t))x3(t — 73(2)), and f(x1,x2,u) =
cos(u) + (2 + cos(x1x2))u.

It can be clearly seen that the system (54) is consistent
with the structure of the studied system (1). By Theorem 1,
the virtual control laws a;, the true control law u, and the

(54)

IEEE TRANSACTIONS ON NEURAL NETWORKS, VOL. 21, NO. 11, NOVEMBER 2010

0 " " "
0 20 40 60 80

Time (sec)

Fig. 8. Adaptive parameter  of Example 2.

1.5

0.5

0 20 40 60 80 100
Time (sec)
Fig. 9. System output y (-) and reference signal y; (-.-) of Example 3.
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Fig. 10. State variable xo of Example 3.

adaptive laws 0 are chosen respectively as

]
_ZSiT(Zi)Si (Zi)zi + xio

i

a;i = —kizi —

3
0=>" %sf(zi)si (Z))2 — 6b
i=1 i
where i = 1,2,3, z1 = x1 — yq with the reference signal
ya = sin(t), 22 = x2 — a1, 23 = x3 — a2, Z1 = [x1, ya, yal’,
Zy = [x1,x2,0,c1, 017, and Z3 = [x1, x2, x3,0, ¢2, 2]
In the simulation, the design parameters are chosen as follows:
ki =4,k =8, k3 =8,¢1 =05 e =63 =1, =05,
m =mn3 =0.6, y =0.35, and ¢ = 0.03. Moreover, the same
RBF neural networks WIT S1(Zy) and WZT S>(Z3) are taken to
be the same as in Example 1, and W3T S3(Z3) is chosen to
contain 729 nodes with centers spaced evenly in the interval
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Fig. 11. Control u# of Example 3.
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Fig. 12. Adaptive parameter f of Example 3.

[-3,3] x [-3,3] x [-3,3] x [0,3] x [0,3] x [—1,1]
and widths being equal to 4.

In the simulation, we assume time delays 71 (z) = 0.2 sin(t),
72(¢) = 0.5cos(t), and 73 = 0.5 4+ 0.5sin(¢), then 7 = 1 and
Tmax = 0.5. Under initial conditions [x1(7), x2(¢), x3(t)]7 =
[0.1,—0.5,0.1]7 for —7 < < 0, and 9(0) = 0, simulation
is run under x19 = xp9 = x39 = 0, and the results show that
under the action of the presented controller, good convergence
performance is achieved for the system (54). The details are
shown in Figs. 9-12.

Remark 7: Usually, the tracking performance depends on
the design parameters of adaptive neural controller (13). The-
oretically, a good tracking performance can be achieved by
choosing control gains k; sufficiently large or #; sufficiently
small. However, how to choose the optimal parameters, such
as k;, n;, o, and so on, to achieve the optimal tracking perfor-
mance is still an open problem. In the presented simulations,
the design parameters are set using a trial-and-error method.

On the other hand, the proposed scheme is especially suit-
able to the control of higher order nonlinear systems since only
one parameter  in (14) needs to be online-tuned. As such, the
computational speed of the scheme is improved greatly (see
Figs. 1, 5, 9 for details). As mentioned in [45], as the system
order increases, there will be more inputs n to the neural
networks, which will cause the network to contain at least 5”
nodes by supposing at least five evenly spaced centers for each
input. Consequently, it can be clearly seen that there are a large
number of parameters needed to be online-tuned because of
the weight values W; themselves being used as the estimated
parameters in the previous adaptive neural control schemes.
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V. CONCLUSION

A simple and effective control approach has been presented
for non-affine pure-feedback system with multiple time-
varying delay states. The use of separation technique and the
norm of neural weight vector not only avoids any restriction
on unknown time-delay terms with all time-varying delay
states, but also overcomes the curse of dimensionality of
adaptive parameters. The proposed control scheme has been
proven to be able to guarantee the boundedness of all the
closed-loop signals. Simulation results have illustrated the
effectiveness of the proposed scheme.
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